In this paper, we obtain new results on the critical points of a polynomial, these results are useful to the Sendov conjecture.
Introduction
Let a ∈ (0, 1), Let r k = |a − z k |, ρ j = |a − ζ j | for k, j = 1, 2, ..., n − 1. By relabeling we suppose that ρ 1 ≤ ρ 2 ≤ ... ≤ ρ n−1 , r 1 ≤ r 2 ≤ ... ≤ r n−1 .
(1.1)
We have(see [4] , [5] , [6] )
Lemma A. If 0 < a < 1 and ρ 1 ≥ 1 , then
This is Lemma 2.16 of [2] (see [1] ).
).
This theorem improves the previous known results(see [2] , [3] , [4] ).
Proof of the Theorem
We apply Lemma A to conclude that
Since p(z) is univalent in |z − a| ≤ λ, it follows that there exists a unique point z 0 with
By a variant of the Grace-Heawood theorem, there exists a critical point in each of the half-planes bounded by the perpendicular bisector L of the segment from 0 to z 0 . Let
Let z * = e iβ 0 be the joint point of L and the circle |z| = 1, ℑz * ≥ 0, then
Hence
that is
Write z 0 = a + re iα , r ≤ λ, then we choose
We fix r and consider the circle |z − a| = r, let sin α 1 = √ a 2 −r 2 a , x = cos α and 5) it is sufficient to give lower bound of 6) it is sufficient to give upper bound of
We have
where
We have x = a 2 +r 2 −φ 2ar
, then
The roots of G 2 satisfy
say.
there is only the root φ 0 =
, and
We have G ′ (1) < 0, G ′ ( 
